We prove a global inversion theorem in reflexive Banach spaces utilizing a recent generalization of the interior mapping theorem. As a corollary, we provide, under a mild approximation property, a positive answer to an open problem that was stated by Nirenberg. We also establish global invertibility of an a-expanding Fréchet differentiable map in Banach space under the assumption that the logarithmic norm of the derivative is negative.
Morel and Steinlein [ 10] gave an example of a map F in a nonreflexive Banach space with properties required in Nirenberg's problem, which is not onto. Thus Nirenberg's problem has no positive answer in the general framework of Banach spaces.
The aim of the present paper is to prove global inversion theorems for expanding maps in Banach spaces. As a consequence we provide a positive answer to the problem stated by Nirenberg in reflexive Banach spaces under a mild approximation property, but without requiring differentiability.
For a fixed element y £ Y, [0, y] will denote the ray extending from 0 to y , i.e., [0, y] := {ty : 0 < t < 1 } . As usual, L{X, Y) denotes the space of all bounded linear operators on X into Y and F(xn, r) :-{x £ X : \\x -xn|| <r}.
We now state the main theorem of this paper. (ii) Every point of X has a neighborhood that is mapped one to one by F. Then F is a global homeomorphism from X onto Y.
One of the principal approaches to establishing global inverse mapping theorems is to use an appropriate local inverse mapping theorem and to seek, if possible, a construction yielding a global extension. The novelty of the method used in this paper resides in carrying this extension along rays. For the local invertibility we shall invoke the following recent result of Fabian and Preiss [6] , which is a generalization of the interior mapping theorem of Clarke and Pourciau (see [6] for details). On the other hand, there exists a natural number N > 1 such that x" £ giBiy, r)) for all n> N. Then, by injectivity of the map F on giB{y, r)), we have that Finally, let us assume that for each Le/ and each y £ Y, there exists x £ X such that Lx = y and \\y\\ > iß + p)\\x\\. Then F is global homeomorphism from X onto Y. Proof. Since F is an a-expanding map, F is one to one, so conditions (ii) and (iii) of Theorem 1 are satisfied.
Remark. Note that in Corollary 3 we do not explicitly assume that F maps a neighborhood of zero onto a neighborhood of zero; this follows from the approximation property that is assumed in the corollary. Moreover, under this approximation property, Corollary 3 answers positively the problem of Nirenberg in reflexive Banach spaces, not just Hilbert spaces, for a-expanding maps. Finally note that in Theorem 1, the map F is only required to be a-expanding on the inverse image of rays.
A simple illustration of the last corollary is given in the following example. The idea of this example is to illustrate the type of argument that one should use in order to apply Theorem 1, even though the example can be directly solved by a direct method.
Example. Let X = Y = 5R2 and F: X -» Y be defined by F(x,y) = (2x + |x|,y).
Here 5ft2 is endowed with the Euclidean norm. Obviously, F is a continuous function. Since for each xx, x2 £ 5R the inequality 1*1 -*2| < I 2Xi -2X2 + 1*11 -1*21 I holds, we have that ll(*i, yi) -(*2, y2)ll2 < (2x, -2x2 + l*iI -l*2|)2 + Cvi -yf)2 = ||F(x1,y1)-F(x2,y2)||2, License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use so F is an expanding map. First consider z = (*o, yo) with Xn ^ 0, and define the set JCZ by J(z -{Lz} , where Lz : 5R2 -> 5R2 is defined by Fz(x,y)=(2 + S^ °)(j).
For z = (0, y) let *#z be defined by ^#z = { Lfl : 1 < a < 3}, where La : 5ft2 5R2 is defined by
It is not difficult to prove that Jfz is a bounded convex subset of L(5R2, 5ft2) for each z e 5ft2. Moreover, we have that for each z £ 5R2 and L £JÜZ, L~l £ L(5R2, 5ft2) and ||L_1|| < 1 . It is also easy to prove that for each z e 5R2 and each ß > 0, there exists r > 0 such that for any zx, z2 £ B(z, r), there exists L£jfz with the property
Finally, for each z e 5ft2 take 0 < ßz < 1, pz = r -ßz, and rz the number given by the above result. It is easy to check that with this choice of Jfz, rz, pz , and ßz, the hypotheses of Corollary 2 are satisfied. Hence, F is a global homeomorphism.
We next establish a theorem that gives a positive answer to the problem of Nirenberg in Banach spaces under the assumption that F is Fréchet differentiable. For properties of the Fréchet differentials and the logarithmic norm, see [7, 11] . Theorem 4. Let X be a Banach space and F: X -► X be an a-expanding map. Suppose that F is Fréchet differentiable in X and the logarithmic norm p{F'{x)) of F'(x) is strictly negative for all x £ X, where \I + tF'{x)\\-1 piF'ix)) := lim t-0+ t Then F is a global homeomorphism. Proof. First of all, it is easy to prove that the image of any continuous aexpanding map is closed. Let x £ X and 0 < e < -piF'ix)). Then, by definition of p{F'{x)), there exists öe such that 5& < -l/{p{F'{x)) + e) and \\I + tF'ix)\\-l ^ + e < 0, provided te(0,Se), t so ||7 + iF'(x)|| < 1 + t[piF'{x)) + e] for all t £ (0, ôe). oincc 0 < t < 6. < -ipiF'ix)) + e)'
we have 0 < -t{p{F'{x)) + e) < 1 and 0 < 1 + t{p{F'{x)) + e) < 1. Therefore, ||7 + tF'{x)\\ < 1 for all ie (0,i8). By the spectral properties of bounded linear operators [9, Theorem 7. Hence, p(g'(x)) < 0 for all x £ H . Therefore, by Theorem 4, g is a global homeomorphism, so F is a global homeomorphism from H onto itself.
